Abstract. The purpose of this paper is to investigate the interplay between henselian valuations and orderings (or semiorderings) of a ring. As a main result, it is proved that for a henselian valuation v on a ring R, the following statements are equivalent: (1) v is compatible with every semiordering of R; (2) v is compatible with every ordering of R; (3) Every real prime ideal of R is contained in the core of v.
Introduction
Valuation theory is an important tool in the study of real fields and ordered fields. As a main topic in the study of real fields and ordered fields, the interplay between valuations and orderings is investigated; see [7, 11] . The close interplay between valuations and orderings of a field is based on the following definition. When the valuation under consideration is henselian, the following result is well known (see Theorem 8.3 in [11] ).
Theorem 0.2. Let v be a henselian valuation on a field F . Then every semiordering of F is compatible with v.
A general notion of valuations on a (not necessarily commutative) ring is due to Bourbaki [2] . In this paper, only the smaller class of so-called Manis valuations is involved. In 1969, M. Manis [9] introduced the notion of valuations in the category of commutative rings. In the literature, these valuations introduced by M. 
Many important facts about valuations on fields may be generalized to Manis valuations on commutative rings. Since the notion of orderings has been generalized to the category of commutative rings, it is a natural trend in real algebra to investigate the interplay between Manis valuations and orderings of commutative rings. In reference [10] , M. Marshall discussed the compatibility of orderings with Manis valuations for commutative rings. As an important sort of valuations, henselian valuations were used to characterize semireal closed rings and real closed rings of higher level in references [13, 14] . Naturally, such a question arises: Can Theorem 0.2 and other results on henselian valuations be generalized from the category of fields to that of commutative rings?
The main purpose of this paper is to establish several results on henselian valuations on a commutative ring so that Theorem 0.2 and other facts about henselian valuations on fields become their consequences.
Throughout this paper, "ring" means "commutative ring with identity element 1", "valuation on a ring" means "Manis valuation on a ring". Moreover, for two sets A, B, write A \ B for the set {x | x ∈ A but x / ∈ B}.
Preliminaries
In this section, we will give some definitions, and establish several basic results. First, let us recall the notion of positive cones of a ring. Let R be a ring. A positive cone of R is a subset P of R satisfying the following conditions: (1) P + P ⊆ P and P · P ⊆ P , (2) R = P ∪ −P , and (3) P ∩ −P is a prime ideal of R. For generality of discussion, we further give the definition of semicones of a ring as follows. Definition 1.1. Let R be a ring. A semicone of R is a subset P of R satisfying the following conditions:
(1) 1 ∈ P .
(2) P + P ⊆ P , and a 2 P ⊆ P for all a ∈ R.
In the sequel, P ∩ −P is called the support of P for a semicone P of R. It is easy to see that P ∩ −P is a real prime ideal of R if P is a semicone of R. Obviously, a positive cone (or ordering) is always a semicone (or semiordering) for a ring. However, by Theorem 7.17 in [11] , a semiordering need not be an ordering even if the ring considered is a field. For a semiordering ≤ of R, it is easy to verify License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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that ≤ satisfies reflexivity and transitivity, and either a ≤ b or b ≤ a for all a, b ∈ R. However, ≤ need not satisfy antisymmetry, even if ≤ is an ordering.
Let P be a positive cone of R. Then, for a ∈ R, we may define the absolute value |a| P of a with respect to P such that |a| P = a if a ∈ P ; otherwise |a| P = −a. The absolute value | · | P has properties similar to the usual absolute value of real numbers.
Based on the above definitions, the compatibility between semiorderings and valuations may be generalized to the category of commutative rings as follows. Definition 1.3. Let R be a ring, let v be a valuation on R, and ≤ a semiordering of R. ≤ is said to be compatible with
In this case, P is also said to be compatible with v, if P is the semicone of ≤.
For a valuation v and a semicone P of R, it is easy to see that P is compatible with v if and only if v(
whenever P is compatible with v. According to Definition 3 in [13] , we give the following. 
Lemma 1.5. Let R be a ring, and let ≤ be a semiordering of
Proof.
This completes the proof.
Proposition 1.6. Let R be a ring, let v be a real valuation on R, and let S be an integral extension of R. Then there is a real valuation on S prolonging v, if and only if S possesses a positive cone Q such that Q ∩ R is compatible with v.
Proof. Assume that there is a real valuation u on S prolonging v. By a simple proof (see the proof of Theorem 2 in [3] ), S possesses a positive cone Q compatible with u. By Definition 1.3, it is clear that Q ∩ R is compatible with v.
Conversely, assume that S possesses a positive cone Q such that Q ∩ R is compatible with v. Denote by (A v , M v ) the valuation pair of v, put P := Q ∩ R, and put ∆ :
Since Q ∩ R is compatible with v, it is easy to prove that ∆ is also closed under addition. Construct the two subsets of S as follows:
Obviously, M ⊂ A. It is routine to prove that A is a subring of S and M is closed under addition. Let a ∈ A and y ∈ M . Then
By the definition of M , δ 2 δ|y| Q < Q δ 1 δ for all δ, δ ∈ ∆. So we have the following inequality:
. By the previous equality, we have
Now let α ∈ S \A. Since S is integral over R, we have α n +r 1 α n−1 +· · ·+r n = 0, where r i ∈ R, i = 1, ..., n. Hence, the following statement is true:
There exists a natural number m such that |α
By the well-ordering property of natural numbers, the number m may be assumed to be minimal. By the inequality in the above statement, we have
. By the definition of A, we have βα ∈ A. On the other hand, we have
Moreover, by the compatibility of P with v, it is easy to check that |ar
This implies that (A, M ) is a valuation pair of S. Denote by u the associated valuation of (A, M ). By the definition of (A, M ), it is clear that Q is compatible with u. Thus u is a real valuation on S. It is a routine to check A ∩ R = A v and M ∩ R = M v . Therefore, u is a prolongation of v. This completes the proof. Proof. According to the proof of Proposition 1.6, there is a real prolongation u of v on S such that Q is compatible with u, and the valuation pair (A, M ) of u is as in the proof of Proposition 1.6. It remains to prove the uniqueness of u.
Let w be any real prolongation of v on S such that Q is compatible with w. Denote by (A w , M w ) the valuation pair of w. Then we have the following. By the above claim, we have w
Since both u and w are prolongations of v, w
Since α is integral over R, we have
where n ∈ N, a 0 = 1, and a i ∈ R, i = 1, ..., n. Observe that
Therefore, there are at least two j, k in {0, 1, ..., n} with j < k such that u( It is similar to prove M w = M . The proof is completed.
Lemma 1.8. Let F be a field, let K be an algebraic extension of F , and let v be a valuation on F such that v possesses a unique prolongation u on K. Then v is henselian if and only if u is henselian.
Proof. Obvious.
The following example shows that ≤ need not be compatible with v for a henselian valuation v and an ordering ≤ of a ring R. This is a difference between fields and rings. Example 1.9. Let x be an indeterminate over the field Q of rational numbers, and R = Q[x] the ring of polynomials in x over Q. Put P := {f ∈ R | f (0) ≥ 0}. Then P is obviously a positive cone of R such that P ∩ −P = xR. Let v be the trivial valuation on R such that v(0) = ∞ and v(f ) = 0 for all non-zero f ∈ R. Then (R, {0}) is the valuation pair of v. Clearly, v is a henselian valuation. Observe that 0 ≤ P x ≤ P 0 but v(x) < v(0). Hence P is not compatible with v.
Main results
In this section, we shall establish several results on the close interplay between henselian valuations and semiorderings (or orderings) of a commutative ring, which may be regarded as certain generalizations of the corresponding facts about henselian valuations on a field. As a main result, we establish the theorem as follows.
Theorem 2.2. Let R be a ring, and v a henselian valuation on R. Then the following statements are equivalent:
(
1) Every semiordering of R is compatible with v. (2) Every ordering of R is compatible with v. (3) Every real prime ideal of R is contained in v −1 (∞).
Proof. 
Denote by π the canonical homomorphism of
, where a a := a a + M ∈ A/M . Clearly, x and x−a a are coprime. Since v is a henselian valuation, f (x) has a root α in A. It follows that α 2 −a aα+a 2 ab = 0 and 2a
So we have the following expression:
, since P ∩ −P is a real prime ideal of R. This implies a / ∈ P ∩ −P and 2a 2 / ∈ P ∩ −P . Moreover, we may assert that a 2 − ab / ∈ P ∩ −P . Indeed, if not,
Since P ∩ −P is a real ideal, we get a a ∈ P ∩ −P ⊆ v −1 (∞), a contradiction. By the above expression, we get b ∈ P ∩ −P , since P ∩ −P is a prime ideal of R. Hence a = (a − b) + b ∈ (−P ) + (−P ) ⊆ −P , and a ∈ P ∩ −P ⊆ v −1 (∞), a contradiction. Therefore, statement (1) is true. The proof is completed.
By the proof of the above theorem, the following proposition can be obtained as an immediate consequence. For a ring R, a ring extension S of R is said to be a tight extension of R if every non-zero ideal of S contracts to a non-zero ideal of R. In reference [5] , Enochs introduced the concept of a totally integrally closed ring to generalize the concept of an algebraically closed field. A ring I is called a totally integrally closed ring if, for any ring homomorphism σ: A → I and any integral extension B of A, there is a homomorphism of B into I extending σ. In order to apply the theory of totally integrally closed rings, the rings considered in the sequel are always assumed to be reduced rings, i.e. rings without non-zero nilpotent element. According to Theorem 2 in [5] , every reduced ring R possesses a tight integral extension, called the totally integral closure of R, which is totally integrally closed and is also unique up to R-isomorphism. Some concepts and results related to totally integrally closed rings can be found in [5] and [6] .
As a generalization of real fields, we introduced the notion of real closed rings of higher level in the category of commutative rings; see Definition 2 in [14] . It should be pointed out that the real closed rings of level 1 are different from those real closed rings, which were introduced by N. Sankaran and K. Varadarajan in [12] . In what follows, we shall adopt the notion of real closed rings of higher level introduced in [14] .
Let v be a valuation on a ring R. Obviously, v induces a valuationv on the domain
The following result is a generalization of Theorem 8.7 in [11] to the category of commutative rings. 
(1) =⇒ (2): Assume thatv is a henselian valuation on R/v −1 (∞). By the lemma on page 2179 in [13] , v * is a henselian valuation. Let S be a finite tight integral extension of R, let u be a prolongation of v on S, and P a positive cone of S with support u 
Obviously, K is a finite extension of F , and u * is a prolongation of v * on K. By Theorem 8.7 in [11] , P * is compatible with u * . Then, we may assert that P is compatible with u. Indeed, if 0 [11] , there is at least one positive cone P * compatible with v * . Construct the subset P of R as follows:
It is easy to verify that P is a positive cone of R compatible with v such that P ∩−P = v −1 (∞). By Proposition 1.1 in [14] , the ordered ring (R, P ) admits a real 
